Abstract: Unlike conventional seismic design, the columns of a rocking frame are designed to uplift and pivot during earthquake excitation. This paper investigates, analytically and numerically, the seismic response of a rocking frame with columns unequal in height (asymmetric), which are either freestanding or hybrid, i.e., enhanced with supplemental damping and recentering capacity. The paper establishes the equations of motion following the principles of analytical dynamics. Throughout the study, the deformation of the structural members is considered negligible. The analysis considers both pulse-type and non-pulse-type (historic) ground motions. It shows that the effect of asymmetry on the seismic stability of the rocking frame is marginal compared with the symmetric configuration, despite the very different kinematics of the corresponding rocking mechanisms. In contrast, the seismic stability of the hybrid rocking frame is very sensitive to fracture elongation of the supplemental restoring (tendons) and damping devices. The results confirm the high-performance seismic behavior of the planar rocking frame, thus illustrating its potential as an alternative seismic design paradigm.
Introduction
The idea of allowing columns to uplift and pivot (i.e., rocking behavior) as a means of seismic isolation during a strong earthquake event is not new. Ancient monuments survived millennia within earthquake-prone regions mainly owing to the development of rocking behavior Komodromos 2009, 2012; Psycharis et al. 2013) . Focusing on contemporary structures, existing rocking bridges in New Zealand, e.g., the Rangitikei Railway Bridge and the Deadman's Point Bridge at Cromwell (Priestley et al. 1996; Skinner et al. 1980) , and novel research studies (Housner 1963; Kelly and Tsztoo 1977) , date back to the 1960s and 70s. This alternative seismic design hinges on diminishing structural deformation (and therefore damage) by allowing rigid body movements of structural segments around predefined interfaces, and it is currently resurging (Aaleti and Sritharan 2009; Acikgoz and DeJong 2014; Antonellis and Panagiotou 2013; Dimitrakopoulos and DeJong 2012b; Kafle et al. 2011; Voyagaki et al. 2013) .
The beneficial isolation effect of rocking has been confirmed experimentally for a variety of structural configurations, including buildings [e.g., posttensioned precast wall systems (Aaleti and Sritharan 2009) or self-centering steel-braced frames (Eatherton et al. 2014) ], as well as bridges [e.g., an A-shaped (pure) rocking pier (Chen et al. 2006 ), a single rocking pier with additional dissipaters (Solberg et al. 2009 ), or a two-column rocking bridge bent with central posttensioned tendons (Cheng 2008) ]. The addition of adequate self-centering capacity (central tendons) reduces remarkably the residual displacements/deformations, without altering significantly the peak response displacements of the rocking piers (Sakai and Mahin 2004) . Further, the addition of energy dissipation limits the amplitude of rocking (DeJong and Dimitrakopoulos 2014; DeJong 2012a, b, 2013; Roh and Reinhorn 2010) , and the dissipaters could be replaceable and of low cost (Pollino and Bruneau 2007) . The combination of supplemental damping and additional recentering devices leads to hybrid-rocking systems. Such hybrid-rocking bridges have been proposed as high-performance systems that could survive major earthquakes without significant damage (Palermo et al. 2005 (Palermo et al. , 2007 Marriott et al. 2009; Kam et al. 2010; and among others) .
The structural configuration of the rocking frame ( Fig. 1 ) seems to be a promising combination of the merits of the precast construction method (Pang et al. 2008; Wacker et al. 2005 ; and references therein), with the benefits of rocking isolation. Following the seminal work of Priestley and Tao (1993) for buildings, Mander and Cheng (1997) proposed the rocking bridge bent (i.e., the rocking frame) as a damage-avoidance design for bridges. Makris and Vassiliou (2012) revisited the seismic response of the rocking frame. That study illustrated the direct equivalence between the response of the symmetric rocking frame and the rocking block, and investigated numerically its seismic stability within the context of a potential bridge application. Importantly, the Makris and Vassiliou (2014) work proved that the rocking frame is more stable, the more top-heavy it is. Recently, DeJong and Dimitrakopoulos (2014) coined a methodology to derive an exact or approximate equivalence between complicated rocking structures (e.g., the rocking wall, the rocking frame, and the rocking arch) and the archetypal rocking block.
The present study extends previous work on the rocking frame (DeJong and Dimitrakopoulos 2014; Makris and Vassiliou 2012) examining a frame that is (1) hybrid (enhanced with additional energy dissipation and recentering capacity) and/or (2) not symmetric. As the study shows, the symmetric rocking frame represents a very limited case from a mechanics perspective, because the slightest deviation from the (perfect) symmetric geometry triggers an entirely different kinematic 1 mechanism. This asymmetric mechanism has not been studied before, although it is imperative to do so if the symmetric rocking frame is to be adopted as a realistic seismic design paradigm. Similarly, the characteristics of the supplemental damping and restoring devices (and primarily their ultimate fracture elongation) might dominate the seismic response (Dimitrakopoulos and DeJong 2012a) and should, therefore, be carefully studied and designed. This study is motivated by the need to assess the relative importance of two basic design aspects: (1) the characteristics of the supplemental damping and restoring devices, and (2) the asymmetry of the frame geometry, to pave the way for future (novel) applications of the rocking frame as an alternative seismic design solution.
Analytical Modeling of the Asymmetric Hybrid Rocking Frame
This section builds on previous research on the seismic response of the planar rocking frame (DeJong and Dimitrakopoulos 2014; Makris and Vassiliou 2012) . The study focuses on structures designed to use planar rocking, as opposed to structures that (accidentally) happened to rock. Rocking is assumed to be confined within a desired plane, and accidental three-dimensional rocking is ignored. However, for the general case of nonplanar motion of rocking structures the reader is referred to Chatzis and Smyth (2012) and Zulli et al. (2012) .
Consider the (hybrid) rocking frame enhanced with central unbonded tendons and viscous dampers at the bottom of the piers (Fig. 1) . To offer insight on the effect of the supplemental damping and the additional stiffness on the seismic stability of the rocking frame in a general way without considering the detailed behavior of specific supplemental devices, this study assumes (as a first approach) that the mechanical behavior of the tendons is that of ideal springs, and the behavior of the dampers is that of ideal linear-elastic viscous dashpots. The two columns of the frame have different heights H 1 and H. Further, sliding at the contact surfaces is ignored. However, regarding the influence of sliding on rocking structures the reader is referred to Brogliato et al. (2012) . Therefore, ignoring the deformation of the (three) members, this asymmetric hybrid rocking frame exhibits a three-block rocking mechanism (Fig. 1) . The equations offered in the present section also cover the symmetric rocking frame, freestanding or hybrid, as a special case (H 1 ¼ H). Fig. 1 illustrates the assumed three-block mechanism for clockwise (negative: subscript n) and counterclockwise (positive: subscript p) rotations and the pertinent pivot points A, B, C, D and A 0 , B 0 , C 0 , D 0 accordingly. Because of unequal heights, the two columns exhibit different rocking rotations and the connecting beam, apart from a rigid-body translation, also sustains rigid-body rotation (Fig. 1) .
Kinematics
The kinematics of the three-block mechanism is far from trivial and has been the subject of extensive research in the literature of linkages, machines, and mechanisms under the term four-bar linkage [see for instance Ceccarelli (2007) , Freudenstein (2010) , and references therein]. The following discussion is confined to the needs of the present study. The three-block mechanism of Fig. 1 can be captured with a single generalized coordinate, selected to be the angle φ of segment AB with respect to the x-axis. The pertinent rocking amplitude is simply the rotation ϕ with respect to the initial position: ϕ ¼ φ − φ 0;p for the counterclockwise (positive) rotation and ϕ ¼ φ − φ 0;n for the clockwise (negative) rotation (Fig. 1) .
The orientation of the bars BC and CD, with respect to the positive x-axis can be written as a function of the generalized coordinate and known geometry 
where R 0 , R 1 and r 0 = half-lengths of blocks AB, CD, and AD respectively; and length BD is given as (Fig. 1 )
Differentiating the rotations with respect to time yields the corresponding angular velocitieṡ
whereφ = angular velocity of the member AB (upper dot denotes differentiation with respect to time); and ∂ φ = partial derivative with respect to the (subscript) φ. Similarly, the second derivatives with respect to φ are defined as
Further, the displacements of the centers of mass G AB , G BC , G CD of the frame members are (Fig. 1 )
In Eq. (5) and throughout the present study, the distance r G BC from the pivot points B or B 0 to the center of mass G BC and the angle ψ BC take different values with respect to the sign of rotation, and they are defined from the geometry of the frame (Fig. 1) . Differentiating Eq. (5), the velocities of the three frame members are determined.
Equation of Motion during Rocking
The equation of motion for the rocking mechanism of Fig. 1 can be derived using Lagrange's equation:
where T = kinetic energy; V = potential energy; Q = generalized force; and φ = generalized coordinate that describes the rocking motion. The potential energy of the three-block mechanism can be expressed as:
where V fr = potential energy of the freestanding frame (due to the gravitational forces); and V tend = additional potential energy due to the elongation of the tendons. It holds that
where m AB , m BC , and m CD = masses of blocks AB, BC, and CD accordingly. During rocking, each tendon deforms into three inclined segments with different slopes. The length of these (three) segments depends on the rocking rotation ϕ, and subsequently, so does the exact value of the strain energy. For small rotations however, the strain energy is approximately calculated from the net elongation of each tendon, equal to the sum of the elongations at the base and the top of each tendon, which is equivalent with assuming that the tendons remain straight. Hence
For the AB tendon, the elongations at the base δl A and the top δl B are
Similarly, for the CD tendon
are the rocking rotations of the AB and CD column, respectively ( Fig. 1 ). Further, α 1 ¼ b=H 1 = slenderness of the CD column (Fig. 1) ; and k ¼ EA=l = stiffness of the tendons, with E = Young's modulus, A = the cross-sectional area, and l = length of each tendon. For simplicity, the present study assumes the two tendons have the same stiffness. Again, assuming the supplemental tendons AB and CD are effectively straight (small rotations/deformations assumption), strains ε AB and ε CD are ε AB ¼ kðδl A þ δl B Þ=ðEAÞ and ε CD ¼ kðδl C þ δl D Þ=ðEAÞ, respectively. In Eq. (12), and throughout this paper, the upper of the two signs corresponds to counterclockwise (positive) rocking rotation, and the lower sign to clockwise (negative) rocking rotation. The strain energy expression of Eq. (9) can be simplified for small rotations as in Appendix I [Eq. (34)].
Ignoring the mass of the tendons and the dampers, the kinetic energy of the system is
where I AB mass moment of inertia of AB with respect to the pivot point A (or A 0 depending on the rocking mechanism/rotation); and I BC and I CD = pertinent quantities for members BC and CD respectively. The calculation of the virtual work of the nonconservative forces Q yields the generalized forces:
where δW G and δW D correspond to the work done by the nonconservative forces (inertia and damping) (Oppenheim 1992) . More specifically, the generalized inertia force Q G is:
and the generalized damping force Q D is
where C = damping constant of the linear viscous dampers. Again, the upper sign holds for counterclockwise (positive) rotation, and the lower for clockwise (negative) rotation. After substituting into Lagrange's Eq. (6), the equation of motion can be written as
Note that Eq. (17) is not equivalent with the equation of motion of the rocking block (DeJong and Dimitrakopoulos 2014), even if the additional terms due to the dampers and the tendons are neglected. The terms I nl , J nl , G nl , B nl , K nl , and D nl are nonlinear functions of the generalized coordinate and equal with:
Owing to the lack of symmetry, the rocking mechanism differs depending on the sign of the rotation ϕ (Fig. 1) , which is positive counterclockwise and negative clockwise. Note also that, for negative ϕ rotations, the distance r BC;n (measured from pivot point B to the center of mass G BC ) is larger, and the angle ψ BC;n is smaller than the corresponding distance r BC;p and angle ψ BC;p for positive ϕ rotations (Fig. 1) . For this reason, depending on the sign of the rocking rotation, the following substitutions must be made in Eq. (18):
Consequently, the minimum ground acceleration required to initiate rocking assumes different values for positive and negative rocking rotations. In either case, the minimum ground acceleration u g;min capable of initiating rocking can be determined by substitut-
Applying Eq. (20) for the two rocking mechanisms yields:
whereh ¼ H=H 1 = indicator of the asymmetry; andb ¼ b=L.
Further, as a first approach, the study assumes the behavior of the supplemental tendons and dampers is elastic until brittle fracture (without previous yielding), which occurs simultaneously for all tendons and dampers. This is a simplifying assumption, the validity of which depends on the details of the particular case examined. Hence, if the tendons and the dampers reach the fracture elongation ε f , say at time instant t f , the equation of motion switches irreversibly to the equation of the freestanding frame [terms K nl and D nl in Eq. (17) disappear]. Note that both Eqs. (17) and (18) capture the motion of the symmetric hybrid frame as a special case (H 1 ¼ H).
Equations of Impact and Contact
The equation of motion, Eq. (17), is valid for nonzero values of the rocking rotation (ϕ ≠ 0). When rocking rotation is zero ϕ ¼ 0 ⇒ φ ¼ φ 0;p or φ ¼ φ 0;n , the frame is at the initial/rest position [ Fig. 2(b) ]. Let the preimpact rocking rotation be counterclockwise (positive) as in Fig. 2(a) , and let impact occur at points A, B, C, and D [ Fig. 2(b) ].
To determine the postimpact state in the case of rocking, the impact problem of Fig. 2 needs to be solved. There are five unknowns: the impulses Λ Ax , Λ Ay , Λ Dx , Λ Dy at the corresponding pivot/impact points and the angular velocity after the impacṫ φ þ . In general, the impulse at point j Λ j is defined as
where λ j = pertinent impact force; and Δt i = duration of the impact. All nonimpulsive forces (e.g., inertia forces and self-weights) are considered negligible compared with the impact forces. The following five equations are considered:
1. Linear momentum along x-axis for the whole frame
2. Linear momentum along y-axis for the whole frame
3. Moment of momentum about point A for the whole frame
4. Moment of momentum about B for the left column of the frame
5. Moment of momentum about C for the right column of the frame (27) returns the four impulses and the postimpact angular velocity. The ratio of the angular velocities after and prior to the impact is defined as the coefficient of restitution η ¼φ þ =φ − . In reality, the coefficient of restitution depends on many parameters that are usually (and herein) not simulated. Such parameters include but are not limited to the interface material and imperfections of the contact surface (ElGawady and Sha'lan 2011; Prieto et al. 2004) . Therefore, the coefficient of restitution η should be considered as an independent parameter with problemspecific value. The solution of the system of Eqs. (23)- (27) provides solely a theoretical limit to the value of η needed to sustain pure rocking motion. Fig. 3 presents the coefficient of restitution (η) values for different column height ratios, and Appendix II offers the pertinent (general) closed-form expression for the coefficient of restitution. For the symmetric rocking frame, the coefficient of restitution simplifies to:
where γ ¼ m BC =2m AB , cos α ¼ H=R 0 , and sin α ¼ b=R 0 , thus verifying the result derived by Makris and Vassiliou (2012) .
Recall that for the same asymmetric frame geometry, the rocking mechanism is different depending on the sign of the rocking rotation. In other words, similar to an asymmetric block, the asymmetric frame displays different slenderness depending on the sign of the rocking rotation ϕ, and accordingly varies the coefficient of restitution for clockwise and counterclockwise rotations (the two different curves of the frame geometry in Fig. 3 ).
Seismic Stability of the Asymmetric Rocking Frame
This section examines the seismic response of a planar asymmetric (freestanding and hybrid) rocking frame. Consider the rocking frame of Fig. 1 . Assume a cap-beam 13 m wide with height 2h ¼ 2 m. The frame consists of two rectangular columns with 2b ¼ 1.0 m base length and width each, same density but different heights 2H ¼ 7.0 m and 2H 1 ¼ 5.6 m respectively, and the distance L ¼ 8 m. The cap-beam/column mass ratio is taken as 10 according to Mander and Cheng (1997) . The polar radius of gyration of the cap-beam cross section is assumed equal to 3.58 m, and the distances from the center of mass of the cap-beam to the two pivot points B and B 0 are r G BC;n ¼ 4.64 m and r G BC;p ¼ 3.68 m (Fig. 1) . For the hybrid frame, the damping and stiffness constants of the dampers and the tendons, accordingly, are assumed equal to 25.3 MNs=m and 23.5 MN=m following Mander and Cheng (1997) . Finally, the cap-beam-column and the column-foundation connections prevent relative sliding, but allow uplifting and consequently act as simple/free supports. 
Mathematical (Pulse-Type) Ground Motions
Large rocking structures (e.g., a rocking bridge bent) are more vulnerable to low-frequency coherent ground motions [e.g., Acikgoz and DeJong (2014) and references therein]. Therefore, to assess the seismic stability of the rocking frame, the study first considers pulse-type excitations. Acceleration or velocity pulses often characterize strong ground motions near the fault of major earthquakes and represent their most destructive (from a structural point of view) component (Dimitrakopoulos et al. 2009 ). Various mathematical pulses have been proposed in the literature that can capture the long-distinct pulses of near-fault ground motions both qualitatively and quantitatively (Acikgoz and DeJong 2014; Kafle et al. 2011; Voyagaki et al. 2013) .
Herein, the Ricker pulse (Ricker 1943 (Ricker , 1944 ) is considered. The Ricker pulse can be defined with two parameters: the acceleration (29) describes the symmetric Ricker pulse (Mexican hat wavelet)
Similarly, Eq. (30) 
In both cases [Eqs. (29) and (30)] the value of T g ¼ 2π=ω g is the period that maximizes the Fourier spectrum of the corresponding Ricker wavelet. In Eq. (30), β ¼ 1.38 enforces the function to have a maximum equal to the acceleration amplitude a g .
The consideration of pulse-type excitations also facilitates the use of dimensionless variables (DeJong and Dimitrakopoulos 2014; Dimitrakopoulos and DeJong 2012b) which, if appropriately selected (Dimitrakopoulos and DeJong 2012b) , offer a physically similar description of the response. A detailed discussion of the self-similar description of the rocking response is beyond the scope of the present work; therefore, the interested reader is referred to Dimitrakopoulos and DeJong (2012b) . For the needs of the present analysis, the following results are scaled simply with respect to the rocking properties (frequency parameter p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 3g=4R 0 p and slenderness α) of the highest column (height 2H) of the frame as in Makris and Vassiliou (2012) .
The overturning plot [e.g., Fig. 4(a) ] separates the control plane (α g =g tan α − ω p =p) into two areas, one where the structure overturns (after impact or without any preceding impact) and one safe (no overturning) area. Recall that rocking structures exhibit various overturning modes with respect to the preceding impacts (Fielder et al. 1997 ). Fig. 4 shows that the structure is most vulnerable for low-frequency acceleration pulses, although it survives even high amplitude higher-frequency pulses. Thus, the seismic stability of the rocking frame under pulse-type excitations is typical of rocking systems (Dimitrakopoulos and DeJong 2012b) , and in that sense, predictable. Interestingly, the effect of the asymmetry on the overall seismic stability of the rocking frame is marginal. Fig. 4 compares the stability of a symmetric and an asymmetric rocking frame that are both freestanding and subjected to the same Ricker pulses. The columns of the asymmetric frame are of unequal height (H 1 =H ¼ 0.8), but this asymmetry is almost immaterial to the overall stability of the frame. This is true regardless of the very different kinematics the asymmetric frame exhibits during its rocking response (i.e., the rigid body rotation of the cap-beam). Note that because of the lack of symmetry, both signs of each Ricker (symmetric and antisymmetric) pulse excitations are examined. However, the differentiation of the response for pulse excitations of opposite signs (e.g., the top versus bottom plots from Figs. 4 to 7) is consistently minor; nevertheless, as the asymmetry grows, the stability of the frame marginally decreases. In short, Fig. 4 suggests that compared with inherent uncertainties of seismic engineering, e.g. with regard to the earthquake loading prediction or the simplifications of the proposed analysis, the effect of the different rocking kinematics due to the unequal columns is not alarming for typical geometries of rocking frames. Note that H 1 =H ¼ 0.8 is a probably high value intentionally selected to cover even extreme cases.
To limit the amplitude of rocking rotations and enhance the seismic stability of the rocking frame, this study investigates the use of unbonded (slack) central tendons and external viscous dampers (Fig. 1) ; converting the freestanding frame into a hybrid rocking frame. As a first approach, both tendons and dampers are assumed linear-elastic until their simultaneous brittle failure at fracture elongation ε f . However, an indication of the effects of a ductile tendon behavior can be found in Makris and Zhang (2001) . Before the freestanding frame overturns, it must first achieve extensive rocking rotations. The exact critical rocking rotation, beyond which the structure becomes unstable, is given by the solution of the nonlinear equation ∂ φ V ¼ 0. As an order of magnitude, however, and in the case of slack tendons, the critical rotation is of the same order as the slenderness ϕ cr ¼ α, whereas for stiffer tendons, the critical rotation increases. Consequently, rotations of the hybrid frame near overturning correspond roughly to elongations of the tendon in the order of 2.0% [assuming a tendon length equal to 8.5 m as in Mander and Cheng (1997) ]. In other words, the critical fracture rotation of the frame is ϕ f ¼ ε f l=2b. Figs. 5-7 present the seismic stability of the hybrid and freestanding (same asymmetric geometry) rocking frames for different fracture elongations. In particular, in Fig. 5 , ε f is high enough to ensure the system of tendons and dampers stays within the linear-elastic range until overturning, whereas in Figs. 6 and 7, the fracture elongation is taken as ε f ¼ 2.0 and 1.0% respectively. The comparison of Figs. 5-7 unveils the sensitivity of the seismic performance/stability of the rocking frame to the assumed fracture elongation (the only difference between
Figs. 5 to 7). In general, the higher the fracture elongation, the more drastic the enhancement of the stability is.
Interestingly, however, the response of the hybrid frame is not always better compared with the freestanding frame. Neither is the stability always enhanced the higher the fracture elongation becomes. Similar to the anchored rocking block (Dimitrakopoulos and DeJong 2012a) , countertrends also appear where the response of the hybrid frame is worse than that of the corresponding freestanding frame. Figs. 4 and 7 illustrate such combinations, wherein the hybrid frame overturns when the freestanding frame survives the excitation; for instance, when α g =g tan α ≈ 3 ÷ 4, ω p =p ≈ 2 ÷ 3, and the excitation is an antisymmetric Ricker pulse (Fig. 7) . These peculiar response characteristics stem from the frail (highly nonlinear) nature of rocking dynamics, and in that sense are anticipated.
Historic Excitations
The present section extends the seismic stability analysis of the same asymmetric rocking frame, examining historic excitations regardless of whether they contain distinguishable pulses or not. In particular, a well-known set of historic ground motions scaled to yield a probability of exceedance of 2% in 50 years (SAC 1997 ) is examined.
Figs. 8 and 9 compare the response of the freestanding and the hybrid asymmetric rocking frame, in terms of time-history and peak response, respectively. For the hybrid frame, a fracture elongation of ε f ¼ 1.0% is assumed. Although the examined ground motions are scaled to the maximum credible earthquake level, Table 1 .
Recall that according to the assumptions of the present analysis, when the structure survives the motion (i.e., does not overturn), it eventually re-centers, and hence there is no permanent rotation and/or expected damage, which is the premise of the damageavoidance design (Mander and Cheng 1997) . Interestingly, the most destructive among the historic records examined are SE23, SE24 from the 1992 Erzican, Turkey earthquake. Again, this is due to the distinguishable dominant impulsive motions these records contain.
On the other hand, although the hybrid rocking frame survives all excitations examined herein (Fig. 9) , it is precarious to derive general conclusions for other excitations. This is particularly true for noncoherent seismic excitations because the rocking response becomes less orderly (Acikgoz and DeJong 2014) . Therefore, a more general answer regarding the seismic reliability of rocking behavior/structures to noncoherent excitations should be couched 
Conclusions
This study investigates the seismic response of a planar rocking frame as a potential (alternative) seismic design paradigm. Treating the structure as a generalized single-degree-of-freedom system, it formulates the equations of motion, and sheds light on the impact mechanism.
In particular, the paper examines the case of asymmetric frame geometry (columns of unequal height) and compares the seismic stability of the freestanding with the hybrid (supplemented with additional restoring and damping capacity) rocking frame. Both mathematical pulse-type ground motions as well as historic earthquake records are examined.
The analysis shows that despite the very different kinematics of the symmetric and the asymmetric frame geometry, the overall stability under pulse-type excitations is unaffected, at least for the geometries examined. This counterintuitive finding is reassuring regarding the potential merits of the rocking frame as a highperformance design solution. The results also unveil the dominant role of the fracture elongation of the, assumed elastic-brittle, supplemental tendons and dampers, on the behavior of the hybrid frame. The seismic stability is sensitive to the fracture elongation and, in general, the higher the fracture elongation, the more drastic the improvement of the seismic performance of the rocking frame.
Finally, the study shows that the hybrid frame would survive all historic earthquake excitations examined, even though they are scaled to the maximum credible earthquake level. Thus, the paper confirms the ample seismic stability of the (planar) hybrid rocking frame, and verifies its promising high-performance seismic behavior.
Appendix I. Strain Energy Expression
Appendix I provides the strain energy expression due to the elongation of the tendons for both large and small rotations. Considering the definition of the rocking rotations ϕ, and ϕ 1 [Eq. (12)], the strain energy of the tendons [Eq. (9)] can be written as
For small rotations the tendon elongation expressions simplify to
and Fig. 9 . Maximum rotations (in dimensionless terms) for all the earthquake records of Table 1 for both directions of the excitation (positive and negative)
For the cases considered in this paper, the small rotations assumption offers a dependable approximation (Fig. 10 ) of the stiffness
In Fig. 10 , K lin is the partial derivative of the strain energy with respect to the angle φ
Appendix II. General Closed-Form Expression for the Coefficient of Restitution of the Asymmetric Rocking Frame
This appendix offers the general closed-form expression for the coefficient of restitution of the asymmetric rocking frame. In particular, the coefficient of restitution η is calculated by the solution of the system of Eqs. (23)- (27) 
Again, in Eqs. (31)-(37), the upper sign denotes the counterclockwise (positive) rotation, and the lower sign the clockwise (negative) rotation.
